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Abstract A novel cylindrical ultrasonic motor based on Pb
(Mg1/3Nb2/3)O3–PbTiO3 crystals is proposed. Timoshenko
beam theory and Lagrange equation are used to analyze the
dynamics behavior of the stator. The contact behavior between
the hemispherical rotor and the cylindrical stator is simulated
by Hertz theory. The general modeling is established to
estimate the ultimate performance of the prototype motor. The
numerical results and the mechanical measurements from the
prototype motor validate the theoretical analysis.
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1 Introduction

Ultrasonic motors have superior characteristics, such as
high torque at low speed, fast response, simple structure,
absence of magnetic interference etc. Because of these
advantages, it becomes a good candidate for micro
aircraft, medical application and other industrial fields.
Piezoelectric ceramics with high energy density are used
for the energy conversion from electric to mechanical, so
ultrasonic motors have higher output power than other
types of motors with the same structural size. One type
of ultrasonic motor, the cylindrical ultrasonic motor
(CUSM) is more suitable for miniaturization because of

its simple structure. Even though many CUSMs with
diameters 1–8 mm have been reported, most of them
focused on the development of new structural design and
new materials [1–4]. A few papers dealt with the driving
mechanisms and the dynamic analysis of the stator [5–7].
The investigation of the general model of this type of
motor has not been reported yet.

In addition, all of the reported CUSMs used the Pb(Zr,Ti)O3

(PZT) ceramic elements to excite the vibration of the stator.
Their applications are limited in low temperatures occasions
because of the performance reduction of PZT ceramics. It was
discovered that Pb(Mg1/3Nb2/3)O3–PbTiO3 (PMN-PT) single
crystals have excellent actuation characteristics at cryogenic
temperatures [8, 9]. Dong et al. [10] have developed a PMNT
linear ultrasonic cryomotor that can operate at 77 K.

So in this study, a new CUSM 4.8 mm in diameter based
on PMN-PT single crystals is developed, which is designed
for space application. In order to help with the structural
design and predict the motor performance as a function of
design parameters, an analytical modeling of this motor is
first proposed. Timoshenko beam theory and Lagrange
equation are used to establish the dynamic modeling of the
electromechanical coupling of the stator. Hertz theory is
used to treat the frictional contact problem between the
hemispherical rotor and the stator. The output performance
of the motor is simulated. The numerical results and the
mechanical measurements from the prototype motor
validate the dynamic analysis.

2 Structure of CUSM based on PMN-PT

Figure 1 illustrates the construction of this motor. The stator
consists of four rectangle PMN-PT pieces and a phosphor
bronze cylinder. Two hemispherical rotors are designed to
reduce the slippage between the rotors and the stator. The
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rotors are pressed against the cylindrical stator by a spring.
Its structure is similar as the one developed by Koc et al.
[3]. But the configuration of ceramics and driving principle
are different. When four pieces of rectangular PMN-PT are
excited by voltage signals with specific phase differences as
shown in Fig. 2, the wobble motion of the stator will drive
the spherical rotors due to the inverse piezoelectric effect.
The motor is mounted in the nodal plane of the first
bending mode of the stator. Because of the symmetry of the
structure, the vibration in x and y direction can be
decoupled and analyzed separately.

3 Assumed mode shape of the stator

Considering the ratio of the length and out diameter of the
cylinder is 3.5, the rotary inertia of the cross section and
shear deformation must be taken into account [11, 12].
Based on the Timoshenko beam theory, without taking
account of the single crystals, the assumed mode shape of
neutral axis of the metallic cylinder with free–free boundary
condition can be defined as

W zð Þ ¼ c1 coshαbzþ c2 sinhαbzþ c3 cos βbzþ c4 sinβbz ð1Þ
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þ d4 cos bbz ð2Þ
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Fig. 1 Structure of cylindrical ultrasonic motor
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Fig. 2 Configuration of ceramics and the phases of the applied
voltages

Fig. 3 Coordinate system of the
stator
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b2 ¼ ρmAL
4ω2

EI
r2 ¼ I

AL2
s2 ¼ EI

kAGL2
ð5Þ

where L is the length of the stator, I the area moment of
inertia of cross section, A the cross-sectional area, ρm the
density of the metal, G the shear modulus, E the modulus of
elasticity, k the numerical shape factor for the cross-section
and ω is the natural frequency that can be determined by the
following frequency equation

2� 2 cosh bα cos bβ þ 1

1� b2r2s2ð Þ1=2
� b2r2 r2 � s2

� �2 þ 3r2 � s2
� �h i

sinh bα sin bβ ¼ 0

ð6Þ

Assuming that c1=1, the coefficients of Eqs. 1 and 2 are
related as follows

c1 ¼ 1 c2 ¼ �λδ c3 ¼ 1
ζ c4 ¼ �δ

d1 ¼ b α2þs2ð Þ
αL d2 ¼ � bλδ α2þs2ð Þ
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βLζ d4 ¼ bδ s2�β2ð Þ

βL

(

ð7Þ
where

λ ¼ α
β
ζ ¼ β2 � s2

α2 þ s2
δ ¼ cosh bα� cos bβ

λ sinh bα� ζ sin bβ
ð8Þ

In the cylindrical coordinate system as shown in Fig. 3,
when the stator is excited in the first bending mode, the
displacement field of the stator can be expressed as
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ur
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where q(t) is the mechanical modal amplitudes that can be
determined through the dynamic analysis of the stator.

4 Dynamic analysis of the stator

According to the geometrical equation, the strain of the
stator can be defined as
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To the metallic material, the stress field is expressed as

T ¼ cmS ð11Þ

where cm is the stiffness matrix of the metallic material.
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Fig. 6 Contact between the sta-
tor and the rotor

Table 1 Comparison of the mode frequency via different methods.

Result I (Eq. 6) II (Ansys) III
(Eq. 23)

IV (PSV-300 F)

Frequency /
Hz

46462 50315 50571 49380

Error 5.9% 1.9% 2.4% 0%
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Fig. 5 Displacement in cylindrical coordinate system
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To the piezoelectric material, the relation between the
strain and the stress can be given as

T ¼ cpS� eTE ð12Þ

where cp is the stiffness matrix of PMN-PT, e the
piezoelectric matrix, E the electric field in the piezoelectric
pieces respectively. If it is assumed that the electric field is
equal along the thickness direction of piezoelectric piece, E
can be expressed as

E ¼ Bev ð13Þ

where Be ¼ 1
	
hp, hp is the thickness of PMN-PT pieces, v

is the applied voltage vector.
The Lagrange Equation of this electromechanical cou-

pling vibration system can be written as

d

d t
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@q
�

� �� �T
� @Ts

@q

� �T
þ @Um

@q

� �T
¼ Fs ð14Þ

where Fs is the generalized external force.
The kinetic energy Ts of the stator can be defined as

Ts ¼ 1

2
q
� T
Mq

� ð15Þ

with

M ¼
Z
Vm

NT
mρmNm dV þ

Z
Vp

NT
mρpNm dV ð16Þ

where ρm is the density of the metal, ρp the density of
PMN-PT, Vm the volume of the metal, Vp the volume of the
PMN-PT.

The potential energy Um of the metallic cylinder can be
defined as

Um ¼ 1

2
qTKmq ð17Þ

with

Km ¼
Z
Vm

BT
mcmBm dV ð18Þ

The external force Fs consists of two parts. One is the
equivalent excitation force Fsp from piezoelectric ceramics,
and the other is the mechanical force Fsr from the rotor.
Based on the virtual power principle, the virtual power Psp

can be defined as

Psp ¼ FT
spq

� ¼ �
Z
Vp

TT
pS
�
pdV ð19Þ

Substituting Eqs. 10 and 11 into 19 results in the
following

Fsp ¼ Θv�Kpq ð20Þ
with

Θ ¼
Z
Vp
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TBe dV ð21Þ

Kp ¼
Z
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BT
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E
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Table 2 Material properties of PMN-PT (poled in [110] direction) and the metal.

PMN-PT Phosphorous bronze

"Sr

 �

[e](C/m2) CE
p

h i
�1010N

	
m2

� �
Density
ρp

Young’s
modulus
E

Shear
modulus
G

Poisson’s
ratio v

Density
ρm

857 0 0
0 640 0
0 0 405

2
4

3
5 0 0 0 0 17:1 0

0 0 0 11:19 0 0
14:7 �9:5 5:7 0 0 0

2
4

3
5 18:0 �31:1 8:4 0 0 0

�31:1 112:0 �61:9 0 0 0
8:4 �61:9 49:6 0 0 0
0 0 0 14:9 0 0
0 0 0 0 69:4 0
0 0 0 0 0 13:0

2
6666664

3
7777775

8,090
kg/m3

113 GPa 41 GPa 0.33 8,800
kg/m3

Table 3 Dimensions of PMN-PT pieces and the cylinder.

PMN-PT The cylinder

Length Width Thinkness Out-diameter Inner-diameter Length Taper angle Length of the trough Depth of the trough
6 mm 2.65 mm 0.5 mm 4.8 mm 3.2 mm 18 mm 45° 6.4 mm 0.4 mm
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Inserting Eqs. 15, 16, 17 and 18 and (20) into (14) leads
to the vibration equation of the stator under the excitation

Mq
�� þ Cq

� þKq ¼ Θvþ Fsr ð23Þ
where K ¼ Km þKp, c is the structural damping matrix of
the stator. When Fsr=0, Eq. 23 becomes the vibration
equation of the free stator.

5 Contact analysis

In order to decrease the radial slippage, a taper angle is
designed on the driving surface of the stator as shown in
Fig. 4. The radius of the rotor Rrot can be given as

Rrot ¼ rd
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2dΦ

2
p þW 2

p

q .
Wp ð24Þ

where rd is the driving radius, Wp and Φp are the deflection
and bending slope of the driving point P and can be
calculated from Eq. 23.

As shown in Fig. 5, the displacement of the driving point
P in n! direction can be expressed as:

δn ¼ * sin wt þ θð Þ ð25Þ
with

* ¼ WP sin l� rdΦP cos l ð26Þ

and

l ¼ arctan
WP

rdΦP
ð27Þ

where ω is the first bending mode frequency of the stator.
Figure 6 illustrates the contact between the stator and the

rotor. According to the Hertz contact theory, the contact
length a can be given as

a ¼ 3R

4E*
F

cosλþ μ sinλ

� �1=3
ð28Þ

with

1

E*
¼ 1� μ2

sta

Esta
þ 1� μ2

rot

Erot
ð29Þ

1

R
¼ 1

Rsta
þ 1

Rrot
ð30Þ

where μsta is Poisson ratio of the friction material, μrot

Poisson ratio of the rotor, μ the static friction coefficient
between the stator and the rotor, Esta Young’s modules of
the friction material on the stator, Erot Young’s modules of
the rotor, Rsta is the equivalent radius of the stator and
Rsta ¼ r2d

	
*.

Fig. 7 First three natural frequencies calculated by Timoshenko beam
theory

Fig. 8 Modal analysis by ANSYS

Fig. 9 Mode test of the prototype stator via PSV-300F

Fig. 10 Modal frequency of the prototype stator

J Electroceram (2008) 20:243–249 247



The distribution of the contact stress p can be expressed as:

p ¼ 6E*2

π3R2

F

cos lþ μ sin l

 !1=3 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� s

a

� 2r
ð31Þ

Integrating the driving force in tangential direction over the
region of contact can obtain the output torque of the motor:

M ¼ 4πμsrd
R b

0 p sð Þsds�R a
b p sð Þsds

� 
b � a

4πμsrd
R a

0 p sð Þsds b > a

(
ð32Þ

with

b ¼ rd arccos
vr

WPw
ð33Þ

where vr=rdωrot, ωro is the rotational speed of the rotor, μs is
the friction constant.

6 Simulations and modeling validation

6.1 Modal frequency of the stator with free–free boundary
condition

In order to validate our theoretical analysis, we compared the
results obtained by different methods as shown in Table 1.

The material parameters and structural parameters used in
the simulation are listed in Tables 2 and 3.

The first three mode frequencies are calculated by
Timoshenko Frequency Equation (6) as shown in Fig. 7.
The first bending frequency of the stator is 46,462 Hz
(Result I).

– The mode frequency is also calculated by the finite
element method (ANSYS) as shown in Fig. 8 (Result II).

– The mode frequency calculated by the model of this
paper (Eq. 23) is 50571 Hz (Result III).

– The prototype motor is manufactured. The dynamic
behavior is tested by Polytec Vibration Meter (PSV-300
F) (Result IV). Figures 9 and 10 show the mode shape
and the modal frequency of the stator respectively.

The comparison reveals that the model of this paper gives
a rather good precision: less than 0.5% of error compared
with ANSYS and less than 2.4% of error compared with the
mode measurement result of the manufactured stator. The
model of this paper is not more accurate than the finite
element method but it costs less computing time.

6.2 Displacement response and mechanical performance

Figure 11 shows the displacement response of the stator
under the excitation of sinusoidal voltage of 49.4 kHz, 100
Vp-p. The square point is the experiment results of the
prototype stator via PSV-300 F. The maximum deflection of
the stator reaches 1.9 μm. A variation of 5% is obtained
between the experimental and simulation results.

Figure 12 is the photo of the prototype motor and its
weight is 4.2 g. Figure 13 presents the mechanical
performance simulation result of the motor with the
experiment points when the driving voltage is 100 Vp-p.
The pre-pressure between the rotor and the stator is 2.1 N.
From this figure, we can find that the model in this paper

Fig. 11 Deflection of the stator

Fig. 12 The prototype CUSM based on PMN-PT
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p
ee

d
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Fig. 13 Simulation of the mechanical performance
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can predict the maximum output torque of the motor
accurately. Figure 13 also reveals that when the torque
applied to the motor is increased from 0 to 2.8 mN m, the
output speed will decrease gradually from about 400 to 250
rpm, whereas the torque increased further to the stall value
3.2 mN m, the motor speed drops. This phenomenon is due
to the small contact area caused by the small pre-pressure.
When the motor speed is low (below 250 rpm, b>a), the
driving points in the contact area is moving faster than the
rotor, so the whole area is driving the rotor, the output
torque of the motor is stable while the motor speed
increases. But when the motor speed is higher (above 250
rpm, b≤a), the contact area is divided into two parts. In one
part of area, the driving points are moving faster than the
rotor, so this part is driving the rotor. In another part of area,
the driving points are moving slower and this part is
obstructing the rotor. Further more, with the increasing of
the motor speed, the obstructing area becomes larger. So the
output torque of the motor decreases as the motor speed is
on a rise.

7 Conclusion

A new CUSM is present based on the piezoelectric material
PMN-PT. Lagrange equation provides a feasible approach
to solve the dynamic problem of electromechanical sys-
tems. The global modeling is established and it can be used
as a design tool to predict the performance of the future
motor or optimize the structural parameters. Further study
on the nonlinearity behavior of the friction will be helpful
to improve the accuracy of the simulation.
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